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1 Introduction 


Conformal symmetry occurs in many places throughout physics and has been providing 
important tools to theoretical and mathematical physics. It is a symmetry enjoyed in 
Nature by the sourceless electromagnetism (Maxwell’s equations) and the standard model 
of particle physics, before the spontaneous symmetry breaking and quantum corrections 
are taken into account. It can also arise as an approximate symmetry, e.g. for high-energies 
process in particle physics or in the vicinity of a critical point. Conformal invariance might 
even appear as an “hidden” symmetry to non-relativistic models, such as the well-know 
example of the hydrogen atom, and is key to a fine-grained understanding of the spectrum 
of such models. 

Frequently conformal symmetry and gauge symmetries occurs simultaneously. In such 
cases, the gauge symmetry has to be fixed which, in doing so, often spoils the conformal 
invariance. This needs not to happen as sometimes conformal invariance can remain while 
fixing the gauge symmetry. This article investigates such a case. 

This article provides a conformally invariant gauge fixing equation and a field strength 
F to a field A solution of a restriction to conformally flat Einstein space-time (CFES) of a 
conformally invariant equation [1], namely: 

(E^A))" 1 -^ = (n + CsfyA 1 * 1 -^ +a s sV^ 1 VpA^ 2 -^'> p 

+ b s s(s - 1 ) g ^^VpS7 a A^-^ pa ( 1 . 1 ) 

= 0 , 


with A(x) € S S T X M = 5* a symmetric traceless field of rank s, = g a ^V a VpA^ 1 -^, 

R the scalar curvature of the underlying lorentzian space-time ( M,g ) of dimension d ^ 3. 
In eq. (1.1) the coefficients are given by: 

4 4 d? — 2d -{- 4s 

as ~ ~ d + 2s-2' hs ~ (d + 2s — 4)(d + 2s — 2) ’ ° s ~ 4d(d - 1) 


and (n i... fjL s ) is the, normalized, symmetrized part of the enclosed indices. 

Equation (1.1) admits gauge solutions for tensors of rank s ^ 1 on CFES of dimension 
d = 4. We demonstrate that the gauge solutions of (1.1) at d = 4 might be restricted, 
while keeping the conformal invariance, thanks to a gauge condition which generalizes (to 
higher ranks) the Eastwood-Singer gauge fixing equation on CFES. To be precise we show 
that the set: 


E S (A) — 0, 

Eo(<f>) = 0 , 


(d = 4) 


(1.3) 


with </> = V /tl ... , is conformally invariant and fixes the gauge. 
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This article is organized as follows. 

In section 2 we will recall elementary, yet needed, facts on conformal invariance. Sec¬ 
tion 3 illustrates the content of the article by studying fields from rank 0 to rank 2. In 
such cases one sees the emergence of gauge freedom in dimension d = 4, the underlying 
structure between equations of different ranks when formulated on CFES. Section 4 shows 
that these properties are indeed found for any field A of rank s ^ 2 satisfying eq. (1.1). 
That is: invariance under Weyl transformations between CFES and that there are gauge 
solutions for d = 4. A, generally, conformally invariant equation is recovered in eq. (4.6), its 
restriction to CFES coincides with eq. (1.1). In section 5 we exhibit a conformally invariant 
gauge fixing equation. We show how it arises from the field equation in arbitrary dimen¬ 
sions and how it generalizes, to CFES, the Eastwood-Singer equation. These equations 
are precisely the set (1.3). We then show how by plugging a pure gauge field in the gauge 
fixing equation, thus inspecting the residual gauge freedom, one gets, as a by-product, a 
conformally invariant equation of order 2(s + 1) acting on scalars of weight s — 1, for d = 4. 
This equation is recognized to be a GJMS operator [2] fulfilling Branson’s factorization 
formula on Einstein spaces [3, 4]. Our study shows a new way to establish its conformal 
invariance. Section 6 investigates the properties of the field strength F associated to the 
field A. The gauge invariance of F is explicitly shown and a Lagrangian giving rise to 
eq. (1.1) is retro-engineered on those F. Then, a set of first order equations corresponding 
to Maxwell’s equations on the observable fields is uncovered, a decomposition of F on E-B 
fields is performed and its duality is shown. Appendix A comments on the (lack of) content 
of eq. (1.1) in the case d = 2. 

These results set the ground for the quantization of fields satisfying eq. (1.1) when 
d = 4 with the help of the conformally invariant gauge fixing equation (1.3) and the scalar 
product given in eq. (6.22). A task which will be addressed elsewhere. 

2 A reminder on conformal invariance 

Let us recall the known fact that conformal invariance recovers two different notions, 
namely the invariance under Weyl rescalings and invariance of a space of solutions under 
the action of the conformal group. See, say, the review of Kastrup [5] for further references 
on the application of conformal invariance in theoretical physics. 

2.1 Conformal invariance w.r.t. Weyl rescalings 

On the one hand [6, App.D], starting from a manifold M equipped with a metric g a Weyl 
rescaling might, roughly, be defined as the application: 

(M,g)^(M,g) s.t. g^(x) = uj 2 (x)g^(x), (2.1) 
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Owing to this definition quantities derived from the metric, such as the curvature scalar, 
change according to: 


rV = rv+w 1 ^ + s p v 8 ; - %v 9 p °)u^ (2.2) 

= R^pua - r a] 8* - g p[u 6 T a]9 w)“-,T V 

+ u:-\25 p Jl^ p - 2g p[v S r a]S r + g p[v 6 p ]9 ^)u T u ( 2 . 3 ) 

Rpv = Rpu - w" 1 [gpug pa + (d- 2)8ffi\uj- tPa 

+ io~ 2 [2 (d - 2)8ffi -(d- 3 )g pu g pa ] w lP w, ff , (2.4) 

R = uj~ 2 R — 2{d — l)w -3 (jJ’ p p — (d — 4)(d — 1 )cj _1 (2.5) 

In the above equations the semi-colon refers to the covariant derivation with respect to g, T 
is the Levi-Civita connection, and [a/3] = a(3 — (3a is the antisymmetric part of the enclosed 
indices. Notice that, in practice, M often will be a common subset of the space-time we 
are interested in. 

Then, an equation, depending on the metric and symbolically written, E(A) = 0 is 
said to be Weyl invariant if and only if there exists a conformal weight h(A) € M such that: 

E(A) = u h 'E{A), A = u h A. 

That is, for a given solution A of the equation E(A) = 0, the rescaled field A = uj h A is a 
solution of E(A) = 0 on the Weyl related space-time Conditions such as indices 

symmetry and tracelessness are Weyl invariant. 


2.2 Conformal invariance w.r.t. the conformal group Cy 

On the other hand, the conformal group C g of (M, g) is, by definition, the set of transfor¬ 
mations letting the causality invariant. A convenient characterization of its infinitesimal 
generators {A/} is that they fulfil the conformal Killing equation: 

(£ x g)(x) = 2f x (x)g(x), (2.6) 


with Lx the Lie derivative along X. Notice that, according to eq. (2.2), the characterization 
of X through eq. (2.6) implies that the conformal groups of ( M,g) and ( M,g = u 2 g) are, 
at least, locally isomorphic: C g ~ C g ~ Cu, where [g] stands for the equivalence class 
g ~ uj 2 g. For the purpose of this article, since conformally flat space-time are (locally) 
Weyl related to the Minkowski space-time, we will exploit the minkowskian conformal 
group. The latter is obtained by completing the Poincare group by dilations and special 
conformal transformations which, in the usual rectangular coordinates, respectively read: 


x p \ x p , Ael) 

x p + b^x 2 


x ^ 


1 + 2 b ■ x + b 2 x 2 ' 


(2.7) 


These two transformations fulfil eq. (2.6) with: fo{x) = 1, /k m (x) = — 2x p , where D 
and K p are the generators of dilations and special conformal transformations respectively. 
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It is often convenient to write the special conformal transformation (2.7) as the product 
/ o T), o 7, with I the inversion x^ t— > x^/x 2 and Tj, the translation aP i—>• aP + K. Finally, 
for the sake of completeness, let us recall the commutations relations of the minkowskian 
conformal group: 


[Xfiv j Xp&\ ij\p V [Fp, 71 Pp : [Kp,D] Ftp, 

[Py.iKjj] = 2 (Xp U — rjpvD), [Pp, Xp V \ = ripjp-P,,], [Ap, Apj,] = fjp^pK,^, (2-8) 

[Xp V ,D\ = 0, [Pp, P v \ = 0, [Kp, K v \ = 0, 

with Xp V = —X U p the generators of Lorentz transformations, Pp those of translations and 
r]p V = diag(+l, —1, • • • , —1). Then, if one sets: 

X(id +1 — D, Xpd — cKp + — —Pp, Xp,jj^ | — cKp — —Pp, 

with c G M*, the whole commutation algebra (2.8) is recast as that of o(2, d): 

[Xab, X C d] = Vd[a x b]c ~ Vc[aXb]d, 

with A,B,C,D, - ■ • = 0,1, • • • ,d, d+ 1, X AB = ~X B a and t)ab = diag(—1, +1, • • • , +1, —1, +1). 

Then [7], on ( M,g ), an equation E(A) = 0 is said to be invariant under C[ s ], or 
conformally invariant, if one can realize the Lie algebra g of CLi such that: 

[E,g](A)=£E(A), 

for some function £. That is, a solution of E(A) = 0 is mapped to another solution of 
E(A) = 0 under the action of the conformal group C\ g y 

Notice that, while being different, invariance w.r.t. Weyl rescalings and invariance 
w.r.t. to the conformal group are not unrelated. Namely invariance in the former implies 
invariance in the latter, this is shown by considering the composition: 

(uhy 1 o h : (M, g) -A (M, Kg = (a j h ) 2 g) -A (M,g = (a ) h )~ 2 Kg = g) 

resulting in an isometry, with h G C[ g i, (w/i) 2 the scaling of g induced by h which is 
latter compensated by the Weyl rescaling (w^) -1 . The theory being invariant w.r.t. Weyl 
rescalings and isometries yields the claim. From the point of view of the space of solutions 
of the wave equation E(A) = 0, elements of map a space of solutions on itself while 
Weyl rescalings embed a space of solutions into another. In that respect Weyl rescalings 
might be thought of as intertwining operators for the conformal group C) g ] between two 
spaces of solutions. 

3 A guided tour from rank 0 to 2 

This section studies fields from rank 0 to 2. Progressing in this manner reveals the prop¬ 
erties of eq. (1.1) one after another and hints at what is to be expected for an arbitrary 
rank s ^ 2 on CFES. Moreover, it exposits in their simplest form the manner in which the 
computations will be carried in section 4 and section 5. 
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3.1 Rank 0: the scalar field 


A textbook [8] conformally invariant equation is the scalar massless conformally coupled 
equation: 

( D_ 99 = °‘ ^ 3 ' 1 ' ) 
This equation might also be referred to as the conformal laplacian or the Yamabe operator. 
The above equation is Weyl invariant and, when realized on Minkowski space-time, has 
its space of solutions left invariant under the action of SOo(2,d) once one has taken into 
account the scaling of the field: 

[T g ip\(x) = (a(g,g~ 1 .x)) h tpig^.x), \/g <E SO 0 (2, d), (3.2) 

with h(ip) = 1 — d/2 the conformal weight of the scalar field. The multiplier a appearing 
in eq. (3.2) is defined through 

dg.s 2 = (a(g,x)) 2 ds 2 , (3.3) 

with ds 2 the squared line element. The factor a then fulfils, by construction, the 1-cocycle 
equation: a(gg',x ) = a(g, g'.x)a(g ', x), \/g,g' € SOo(2,d). For g an isometry of the 
underlying space-time a = 1 and, from eq. (3.3), eq. (3.2) agrees with the natural action 
on a scalar field [9]. 


3.2 Rank 1: the vector field 


For the vector field A^, the rank 1 field, one can find that the equation: 


□A" 


4 

-V^V • A 

d 


2 

d-2 


RF V A V 


1 d{d - 4) 
4(d- l)(d —2) 


RA^ = 0 


(3.4) 


is invariant under Weyl rescalings, with AT = w rf / 2 A^, an d that its space of solutions is 
left invariant under the action of SOo(2,d). Notice that eq. (3.4) might be rewritten as: 


□A, - Iv.VM' + ~R^A- - jjAfcTA, RAf = 0 _ (3 . 5) 

to make it obvious that at d = 4 it reduces to the free Maxwell’s equations on the vector 
potential A. Such an equation, for arbitrary d, might already be found in many instances, 
say in [10]. 

For d = 4 eq. (3.4) admits A^ = as a gauge solution with the scalar ip uncon¬ 
strained. That is, a solution A of eq. (3.4) is determined up to (the gradient of) a scalar 

tp: 

A m i—> ^Ap, = A m + V(3-6) 

The gauge freedom showed in eq. (3.6) allowed by eq. (1.1) also means that A, the 
vector potential, is not an observable. The gauge invariant quantities, the electric and 
magnetic fields, are components of the field strength F given by: 


(F(A)) Q/i = V"A M — V^A" 


( 3 . 7 ) 







which is indeed gauge invariant since for A p one has: 


(F(A)) ap ‘ = V a VV - V^V 0 ^ = [V Q , V^ 1 ] tp = 0. (3.8) 


That being said, the vector potential A remains relevant since it is the 17(1) gauge 
field through which the interaction is introduced in the lagrangian. In addition, to simplify 
as much as possible scattering computations in curved space-time, a simple expression of 
its two-point function would be welcome. As it has already been shown on flat and (A)dS 
space-time [11-14] keeping the conformal covariance by using a conformally invariant gauge 
fixing condition while quantizing A leads to simpler, more compact, results. This is the 
point of view embraced in this article. 

An interesting property of eq. (3.4), in arbitrary dimensions, is that it provides a 
conformally invariant gauge fixing equation for the four dimensional case. Namely, taking 
its divergence and using the usual commutation relations of covariant derivatives leads to: 


d -4 


□V • A + 


d 


d — 2\ 




= 0 . 


For d / 4 the term within the brackets necessarily vanishes on the space of solutions of 
eq. (3.4), then is conformally invariant on this space of solutions. For d = 4 the divergence 
of eq. (3.4) vanishes and V • A is unconstrained. However, one would strongly suspect 

G(A) = DV • A + 2 V p Rp V A v - -VpRA p = 0 (3.9) 

3 

to be conformally invariant on the space of solutions of eq. (3.4). It is indeed the case since: 


G(A) = u~ 4 G(A) + 2c j- 5 (DA^ - V^V • A - R^ v A v )(V^) (3.10) 


where eq. (3.4) appears, with d = 4, in the right hand side. Equation (3.9) is the Eastwood- 
Singer gauge fixing equation [15]. Using eq. (3.9) indeed restricts the gauge freedom as 
now the field <p has to fulfil the equation 

(□ 2 + 2V^R^V U - tp = 0. (3.11) 

Equation (3.11) is known as the d = 4 Paneitz operator [16] (a summary might be found 
in [17]) which is a fourth order conformally invariant operator on scalars of null conformal 
weight. This operator has, also, been found by other means by Riegert [18] and Fradkin 
and Tseytlin [19]. 


3.3 The rank 2 field 

One can try to generalize the previous scheme to the symmetric traceless rank 2 tensor 
A pu . Then one can check that, say, the equation 


UA» V 


4 

d + 2 


p A vp + v v v p am) + d( / +2) ^v,v^ 
+ ^(R p p A up + R v P A PP ) - l \ p pa v A prj - 


{d 2 -2d+ 8) 
4 d{d - 1) 


RA p " 


- d g^R p(J A p ° = 0 (3.12) 
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is Weyl invariant with A pv = A ut \ gp U A pu = 0 and A^ u = u;- 1 ~ d / 2 A^ u . 

One such conformally invariant equation pops out from time to time either on flat 
[10, 20-23] or curved space-time (see [24] and references therein). 

When trying to find gauge solutions to eq. (3.12) the computation does not seem to 
yield anything special. Also, taking the divergence, or twice the divergence, of eq. (3.12) 
does not shed much light. The blurriness appearing in the study of the rank two tensors 
marks the emergence of the invariant, under Weyl rescalings, Weyl tensor: 

C^pua = R^pua — _ 2 {^[u^<Ap ~ 9p[uR^]j + ^ — l)(d — 2) 

which is the totally traceless part of the Riemann tensor. Thanks to this tensor eq. (3.12) 
is then far from being unique as one can add a term such as 


+A C% a v A pc , 


where A is unconstrained by the requirement that the resulting equation has to be Weyl 
invariant. 

To avoid such terms in the field equation one can restrict his study to conformally 
flat space-time. This choice, however, does not seem to make things much more simpler. 
This is the reason why we will narrow the scope of this article to conformally flat Einstein 
space-time (CFES), for which the Riemann and Ricci tensors are expressed as: 


R - R 
,lvpa ~ d(d - 1) 

R - R a 

£X 'llV ^ y^LlA 1 


{dpp9 va gpa gup), 


(3.13a) 

(3.13b) 


R = Const. 


(3.13c) 


Examples of CFES are Minkowski and (A)dS space-time. Then, using eq. (3.13), eq. (3.12) 
reduces to 


{E 2 {A)Y v = UA pv -— (V t *V p A vp + V v VpAW) 


d + 2 


+ 


-g pv V p V a A p ° - 


(d 2 - 2d+ 8) 


RA pu = 0. (3.14) 


d{d + 2Y Ad(d — 1) 

One can then follow the same steps as in the vectorial case. If one considers the field A 
written as the derivation of a vector field V such as 


A IW = V P V 1 ' + V U V P - g ,w V ■ V, 

d 

then, after a computation involving eqs. (3.13), one gets: 


(E 2 (A)r = 


d-2 
d + 2 


V*(E 1 {V)) V + V'iE^r - jg^VpiEiWY 


(3.15) 


(3.16) 


in which the appearance of E\ is worth noticing. Similarly, suppose in eq. (3.15) that 
V p = V^V, then simplifying eq. (3.16) leads to 

(d-2)(d-4)/__ 2 


(E 2 (A)r = 


d{d + 2) 


.(v /i V l ' + V^V^- ^sT^)Eo{ip), (3.17) 
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meaning that equation (3.14) for d = 4 allows the gauge freedom 


Afu/ Ht ^— A^ v d - ^g^o'jip 

and A is determined up to a scalar. 

A held strength F, which is gauge independent, for the held A can be found in section 6 
in which the held strength for arbitrary ranks are worked out. 

Now that the gauge freedom has been shown one can search for a gauge hxing equation 
similar to the Eastwood-Singer equation. Taking the divergence of eq. (3.14) and using 
eqs. (3.13) yields: 

V M (£ 2 (A)r = {^)(E l (W-A)y, (3.18) 

where (V • A) v = In the same manner, taking the divergence of eq. (3.14) twice 

produces: 

V,V M (£ 2 (A)r = (3-19) 

where cf> = V /i V i ,A /w/ . Those two results then suggest that the set 

( E 2 (A) = 0, 

{ (d = 4 

I E 0 ((j>) = 0, 


is conformally invariant, while restricting the gauge freedom allowed by E 2 (A) = 0. The 
conformal invariance is indeed preserved, see section 5, and the scalar held p now has to 
fulfil 

(□_!*)□(□ + - R ) V = 0 . 

Such a conformally, i.e. SO(2,4), gauge hxing equation was found, already, on hat space- 
time in [25] for the tracefull held. It then reads : (F\d^d v — \rg lu \Z\ 2 )A^ 1 ' = 0. 


4 Working out the properties of eq. (1.1) 

In the previous section the prominent properties of the held equation (1.1) have been 
exposed: conformal invariance and gauge freedom up to a scalar for s ^ 1 and d = 4. In 
addition, the relations (3.16)-(3.19) suggest that, on CFES, equations of various ranks are 
related one to another through, some, derivations. 

This section exhibits that indeed all of these properties are found in the higher rank 
realization of eq. (1.1). First, since we are mainly concerned with CFES, we derive two 
identities which rehect the mapping of a CFES to another CFES. Secondly, it is shown that, 
under such Weyl rescalings, the equation (1.1) is Weyl invariant. Finally, gauge solutions 
of eq. (1.1) are found for d = 4. 

4.1 The restricted Weyl transformations 

This work is mostly concerned with CFES and therefore only matter Weyl rescalings map¬ 
ping a CFES on another (see, say, [26] in a Riemannian setting). This means that a smaller 
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class of w’s has to be considered. Let us call those Weyl rescalings using such w’s restricted 
Weyl transformations (note to be confused with those of [27]). Without getting into the 
details of such transformations we can derive two identities which are fulfilled by the w’s 
and which will soon be needed. 

Asking for eq. (2.1) to map a CFES to another CFES is tantamount to require the 
relations (3.13) to be preserved. First, consider eq. (3.13b) on (M, < 7 ), that is: 

R-nv = 9[u/- (4-1) 

Then, plugging eq. (2.4) in the left-hand side of eq. (4.1) and eq. (2.5) in its the right-hand 
side and finally, since ( M,g) is also a CFES, using eq. (3.13b) to further reduce the equality 
one obtains the first identity: 

(v M V„ - “ = 0- (4.2) 

Equation (4.2) merely preserves eq. (3.13a) and eq. (3.13b) while the Weyl rescaled cur¬ 
vature scalar R, at this point, is not necessarily constant. This is taken care of using 
eq. (3.13c) and setting V p R = 0, since R is also constant one gets: 

□V M u; = (V M u;) (scW^Du;) - R _ ) - (d - 4)w 3 (v“^) (v^V^), (4.3) 

tweaked for later convenience. Notice that the factor uj which arises from an inversion fulfil 
both eq. (4.2) and eq. (4.3), thus the SOo(2,d) invariance remains implied on conformally 
flat space by this weaker Weyl invariance. 


4.2 Restricted Weyl invariance of eq. (1.1) 


Performing a Weyl transformation, using eq. (2.2) and eq. (2.5), on eq. (1.1) yields: 

(E S (A)Y^ = u h - 2 {E s (A))^-^ + ^-u h ~ 4 [uj{uj' p p ) - 2 

- 2s u h ~ 4 [u;(uj^ 1 a ) - (4.4) 

with the conformal weight h(A pi '" Pa ) = 1 — s — d/2. By setting p = uj~ l eq. (4.4) might 
be written as: 


(E s (A)Y'- p ° = p 2 ~ h {E s {A))^- pa +2s p 


2—h 


( v (/ii v„ - -A pl o) pIa^ 2 -^ 17 


d 


2 s(s - 1 ) 2 _ 


p 2 ~ h (y p V ap)g if11112 A p3 - ps)p ° 


d + 2s — 4 

Then, from the tracelessness of A and eq. (4.2) the remaining terms vanish and yields the 
(restricted) Weyl invariance of eq. (1.1) between two CFES: 


E s (A)=oj h ~ 2 E s (A). 


(4.5) 


Remark that the only property used to prove eq. (4.5) is that eq. (4.2) is fulfilled. Later, 
for the gauge fixing equation, the constant curvature of (M, g ) will come into play through 
the use of eq. (4.3). 
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4.2.1 The conformal invariance on arbitrary space-time 

Equation (1.1) has been shown to be Weyl invariant under the restricted transformation 
(4.2). However, with eq. (4.4) and the relations (2.3) and (2.4) one would find that the 
equation 


(□ + c s R)A^ -^ + a s s V (w V ff A Wa - # ** )<T + b s s(s - 1) p V a A^ 3 -^'> pa 

+ dssR^vA^-^* + e s s(s - 1 ) 

+ f s s(s - 1) R pa gbu»A‘*-i*')p" = 0, (4.6) 


where the coefficients a s , b s and c s are given in eq. (1.2) and 

, _ 2 _ 2 / 4 - 1\ _ 2 / d + s — 2 \ 

s 4’ s d\s — 1/’ s d(s — 1)V4 + 2s — 4/’ 

is invariant under arbitrary Weyl rescalings. Equation (1.1) is then viewed as a restriction 
of eq. (4.6) to CFES. 

As noticed in section 3.3 eq. (4.6) is far from unique as one can add a term such as 

+ As(s - 1) c^p^A^-^P*, (4.7) 


that is, changing in eq. (4.6) the coefficients according to 


c s H y c s + A 


(d — l)(d — 2) * 


d s i —V d s 



e s e->■ e s + A, 


fs ^ fs + 


A 

d- 2 ’ 


while keeping the Weyl invariance of the resulting equation intact. 


4.3 Gauge invariance at d = 4 


In section 3 it has been established that for 4 = 4 and for tensors of rank 1 and 2 that 
the solutions of eq. (1.1) are determined up to a scalar ip. This subsection inspects the 
gauge invariance of eq. ( 1 . 1 ) for tensors of arbitrary rank and shows explicitly that they, 
too, remain determined up to a scalar. 

First let us, for our purpose, introduce the symmetric traceless gradient (STG), defined 


as 


(STG(/))m-m. = (4.8) 

with / £ S q^ 1 . In addition, let us commit the abuse of language (STG(<y 9 ))^ = V^ip. 
Secondly, notice that eq. (1.1) might then be rewritten as: 


(□ + c s R)A + a s STG(V • A) = 0. 


(4.9) 


Now let us consider the field A = STG(/), / £ S% 1 and s ^ 2 . Since the coefficients 
( a s ,c s ) fulfil the recurrence relations: 


a s ed + 2 s — 6 \ 
l + a s \4 + 2s — 4/ 

1 /4 + 2s —3 (s — l)(d + s — 3) \ 

1 + a s \ 4(4—1) 4(4—1) s s)’ 


(4.10a) 

(4.10b) 
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one gets the following identity: 


E s (STG(f)) = (1 + a a ) STG(E s _i(/)), (4.11) 


the higher rank form of eq. (3.16) where STG was given by eq. (3.15). 

Now the identity (4.11) enables us to look for gauge invariance for a field A obtained 
from a field g of rank r, r < s, as one would obtain: 


E s (STG s ~ r (g )) 


U (1 + a i) 

_i=r -\-1 


STG s ~ r (E r (g)). 


(4.12) 


Then, from eq. (4.12), the question of the existence of gauge solutions amounts to look if 
there is a rank r, r < s, and a dimension d such that l + a r =0. From the values of the a*’s, 
given in eq. (1.2), there is only one (physical) solution given by (a\,d = 4) corresponding 
to the gauge freedom up to a scalar: 


A*-> V A = A + STG S (</?). (4.13) 

It is this gauge freedom that we would like to restrict while keeping the conformal invari¬ 
ance. 


5 Uncovering and discussing the gauge fixing equation 

In the previous section we found that for d = 4 the solutions A of eq. (1.1) are determined 
up to a scalar p, see eq. (4.13). The purpose of this section is to exhibit a conformally 
invariant gauge fixing equation which will restrict this gauge freedom. First, we will show 
how that equation can be obtained from eq. (1.1) in arbitrary dimensions. Then, we 
prove that fixing the gauge in that manner is indeed conformally invariant. Inspecting the 
residual gauge freedom left to the scalar tp shows that p is indeed constrained to belong to a 
certain space of solutions, as is needed. Finally, it is shown that those pure gauge solutions 
themselves are conformally invariant. This is demonstrated by, incidentally, providing a 
new way to derive Branson’s factorization formula of GJMS operators on CFES. 

5.1 The derivation of the gauge fixing equation 

Let us first recall that for the vector field we found, in 3.2, that the Eastwood-Singer gauge 
fixing equation (3.9) appears when one takes the divergence of the (generally) conformally 
invariant equation (3.4). Then, in 3.3, for the rank 2 tensor the presence of gauge invariance 
wasn’t so clear any more. After restricting ourselves to CFES we found: on the one hand 
explicit gauge solutions and on the other hand that by taking the divergence of the field 
equation, now eq. (3.14), one recovered the lower rank conformally invariant field equations, 
as seen on eqs. (3.18)-(3.19). Now, for an arbitrary rank s the previous section exhibited 
gauge solutions. Here we seek a gauge fixing equation which will constrain those solutions. 

Taking the divergence of eq. (1.1) yields: 

V Ms (£ s (A))^-^ = (1 + a s )(E s - 1 (V-A))f* 1 “*'- 1 , (5.1) 
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through a direct computation, involving the commutation of covariant derivatives and using 
the fact that the Riemann tensor is given by eq. (3.13a) with R = Const, and that the 
coefficients ( a s ,b s ,c s ) are solutions of the recurrence relations: 


Os-l 

b s -1 


Cs —1 


d s + 2 b s 

1 + o, s 


1 + a s 


_L_ ( d + 2s-?> (s- l)(d + s-3) 

1 + a s V d(d — 1) d(d — 1) 


(5.2a) 

(5.2b) 

(5.2c) 


That is, the divergence of A satisfies the equation of a rank s — 1 symmetric traceless field. 
By induction each divergence has to fulfil the equation £) of the appropriate rank and 
finally: 


V w ...V Ms (£ s (,4)r--^ = 


n< i+ 


i= 1 




(5.3) 


Therefore, the behaviour of the divergences of A is completely determined by eq. (1.1). 
That is, if none of the pre-factor (1 + aj), 1 ^ i ^ s, vanish. Similarly to 4.3 for d = 4 the 
pre-factor (1 + aq) vanishes. This is the confirmation of the gauge freedom shown before 
for which: 


= V 


mi 




(d = 4) 


is left free by eq. (1.1). That is, up to a scalar degree of freedom. Notice that this should 
not come as a surprise. Indeed, if one sets b s = —a s /(d + 2s — 4), to make obvious the 
symmetric traceless gradient in eq. (1.1), as in eq. (4.9), then the recurrence relations in 
eq. (5.2) become those of eq. (4.10). 

To conclude, for d = 4, we have shown that the s-fold divergence <j) is left free by 
eq. (1.1). To correct this we choose the following gauge fixing equation: 


E 0 (<j>)= = (d = 4). (5.4) 

This gauge fixing equation appears legitimate with respect to conformal invariance as on 
the one hand the solutions of eq. (1.1) which fulfil eq. (5.4) are left invariant by conformal 
transformations (see hereafter), and on the other hand in arbitrary dimensions d ^ 4 the 
corresponding equation is always satisfied by the solutions of eq. (1.1), cf. eq. (5.3). For 
d = 4 this discrepancy is rectified by enforcing eq. (5.4) as a gauge fixing equation. 

5.2 Restricted Weyl invariance of the gauge fixing equation 

Similarly to the Eastwood-Singer gauge fixing equation for the vector potential, eq. (5.3) 
hints at a gauge fixing equation likely to be conformally invariant on the space of solutions 
of E S (A) = 0 between two CFES. In order to prove this property for an arbitrary rank 
s we will first consider, again, the vectorial case in order to exemplify our strategy in its 
simplest case. Then the case s ^ 2 will be addressed. 
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5.2.1 The vector field, Eastwood-Singer gauge revisited 


Consider the system 

aA li _ yMy . A _ \ RA H = o 

4 

(□-1 R )V.A = 0, 

with d = 4 and ( M,g ) a CFES. Performing a Weyl rescaling yields: 

^ = V • A = uj~ 2 V • A + 2u~ 3 (V^uj)A^ 1 . 


(5.5) 


(5.6) 


which might be fed to the (rescaled) conformal laplacian: 




= UJ 


LO 

-4 


- 2, n--R) +2cj- 2 (V q w)V" + w“ 3 (Dw) 
6 / 




□ - 


<j> + 2uj~ 5 (V fl uj) (DA 11 - V^V • A - ^RA^ 


- + 4ur b (V a V M u;)V a A^ + 2cj- i3 (DV M a)A^ 
+ 2w" 6 (V Q o;)(V"w)V p ,4 /i - 8cj“ 6 (V a o;)(V At w)V a ^ 

- 4a- 6 (Qj)(V M a)A^ - 8w _6 (V a w)(VaV #1 w)A # * 

+ 12ur 7 (V a w)(V a w)(V, 1 w)i4 # *. 


(5.7) 


As it stands the result is far from being conformally invariant on the space of solution of 
eq. (5.5). Let us then use eq. (4.2) to express, say, (VqV^w) in terms of other derivatives 
of u, that is: 

(VaV^w) = 2uj~ 1 (X7 a u)(y fl ,uj) + ^3 aAt [(□<*;) - 2w _1 (V /3 a;)(V /3 a;)]. (5.8) 

Plugging eq. (5.8) in eq. (5.7) simplifies greatly the right-hand side, as one then gets: 

(□ - $ = uj~ 4 (□ -^Rj(f> + 2uj~ 5 (\7 fl uj) (dA^ - V^V • A - \rA^ 

+ 2u~ 5 (aV ll uj)A fl - 6w _6 (Dw)(V m w)A' 1 . 


Now one can use the second identity, eq. (4.3), fulfilled by the scale factor a; of a restricted 
Weyl transformation. For d = 4 it reads: 

(□V^) = (V^w) (3a;- 1 (Do;) - . (5.9) 

With this last identity finally one gets: 

(□ - = cj- 4 (d - + 2uj~ 5 (\/ fl uj)(nA^ - V^V • A - ^RA^, 

and thus shows the conformal invariance of eq. (5.5) between two CFES. A result known 
to be true as this is just the restriction of eq. (3.10) to our choice of space-time. 
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5.2.2 The general case: s ^ 2 

To prove the invariance, under restricted Weyl rescalings, of the set given in eq. (1.3) one 
needs both eq. (5.8) and eq. (5.9) to be fulfilled and to take into account the properties 
arising from the symmetry and tracelessness of A. Each formula appearing in the vectorial 
case has to be generalized. 

Let us begin with the generalization of eq. (5.6): 


in which h^A^ 1 '"^ 3 ) = 1 — s — d/2. Equation (4.2) can be rewritten as: 


—2 


- -g^Djp = -u (VjuVj, - -g^Djuj = 0, p = 




oj 


(5.10) 


Thanks to the tracelessness of A one then realizes that there cannot be derivatives of co of 
degree greater or equal to 2 contracted with A since 


(V w V w w)# 1 '"' 1 * = 


- 2 g wP ) w 


= 0 


in which one uses the tracelessness of A and then that eq. (5.10) is fulfilled by w. This 
simplifies greatly the expansion of (j) as one then gets: 


S 


5 = £ 

i =0 


T(h + 1) 
T(h + l-i) 





S 


= £ 


rp + i) M 

T (h + 1 — 


ujb-^VuyV^A, 


(5.11) 


using the notation in which an index contracted with A is not written. For instance a 
generic term in eq. (5.11) reads as: 


(Vu;)*V-M = (V w u) ... (V w a;)(V /ii+1 ... V, S A^ 3 ). (5.12) 


Indeed, any term in the expansion of </> might be brought into the form of eq. (5.12) since 
A is fully contracted and symmetric. Now one can express V n T in terms of V and u>. By 
induction on n one would get: 


X7 n A = B(d + 2s — n — 1 + i) 

r(d + 2s-n-l) 

T(d + 2s — n — 1 + i) 

“ r(d + 2s-n-l) 



(—l) i p~ i (/\7p) i V n ~ i A 



w- i (Vw) i V n “M, 


(5.13) 


using the same argument about the derivatives of p, with eq. (5.10), and finally u '(Vw) = 
—p _1 (Vp) to recast the result in terms of co solely. Then plugging eq. (5.13) in eq. (5.11) 
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and inverting the order of summation yields: 


E 

2=0 

s 

E 

i =0 
s 


\ (i\ T(h + 1) r(d + s — 1 + i) 
h W T(h + l-j)T(d + s-l+j) 


3=0 


S )uj h - j (VujyV s - l A 


r (d + s — 1 + i) 
T(d + s-l) 


2 F 1 (-i,-h\d + s-l-,l)[ S )u} h - j (Vu3) i V**A 


Ejva( i + 1 )“ 


— 1—s—i 


i=0 


(Vuyv^A, 


(5.14) 


in which h has been set to its value and d = 4, 2 F 1 is a hypergeometric function. 
Replacing cj) by eq. (5.14) and applying the conformal laplacian to it yields: 

(□ - \r)+ = iz 7 —-t( /: + 1) - ±r) + i(V(u) i - 1 (DVa;) 

i =0 S 

+ i(i - 


+ 


l)(Vw) i_2 (V Q Vw)(V“Vw) + 2i(Vw) i_1 (V Q Vw)V“ j 
(s + i)u“ , “ i “ 4 {(Vw) i (Qj) + 2(Vcj) i (V Q o;)V Q 
2i(Vca)*~ 1 (V a a;)(V a Va;)| 


+ (s + i)(s + i + l)c o 


—s—i —5 


(Vw) i (V a w)(V"w) 


V s- * A 


Using eq. (5.8) simplifies the above equation to: 

(n - is)* =£ -iL (i + 1)„— ^ { vwf (n - la) v-m 

2=0 

s ! 

- V —i —2 i w -«-<- 3 ( Vw )<- 1 (v a w)W a V s - < A 

s — i! 

i=i 

s 1 

+ ^2 - 7 ^ 7 (* - 1) w" s " i “ 3 (Vo;) i - 2 (V a a;)(V“a;)V 2 V s "M 
»=2 S *' 
s—i , 

- -i[i + 1) w- s -*- 4 (Do;)(Va;) i V s -M 
2=1 

- 3s s!w" 2 s - 4 (Da;)(Va;)M 

+ —^*(* + 0 W-*- 3 (Va;) i ” 1 (nVw)V s “M. 

2=1 


In the latter one can recognize, abusing a bit the notation, the contraction of (Vw)‘ with 
STG V \7 s ~ l A in the second and third line. Substituting eq. (5.9) in the sixth line cancels 
the fourth and fifth line and changes the coupling to the curvature to: 1/6 + i/12 = 
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(i + 2)/12. Hence, one gets: 

( n - = £ TT^ + iv-" i - 3 (v u ) i (□ - At stg V - 2 -^r) v-m 

2—0 ■ 

S | 

= V -^-7 (i + l)a;- s - i - 3 (Va;) i ^(V s -M), (d = 4). 
s — *! 

i=0 

On the space of solutions of E S (A) = 0, according to eq. (4.12), each term with 1 ^ i ^ s 
vanishes thus leaving: 

(□-£*)* 

This identity concludes the proof of the invariance of the gauge fixed set given in eq. (1.3) 
with respect to Weyl rescalings between two CFES. 


5.3 The residual gauge freedom 

Equation (5.4) provides a conformally invariant gauge fixing equation of eq. (1.1). Here 
it is shown that ip in eq. (4.13) is no longer arbitrary and its remaining gauge freedom, 
allowed by eq. (1.3), is found. 

To begin let us consider a pure gauge field: 


A = STG%). 


(5.15) 


Then, plugging eq. (5.15) into eq. (5.4) yields: 

(n - V s STG'(^) = (□ - V* -1 (V • STG)(STG S_1 (<^)) (5.16) 

= (p - V s_ 1 t7 s_ 1 (STG s_ 1 (vO) (5-17) 

= a 8 (p- C/ s_ 1 / (V s_1 STG* -1 ^)) (5.18) 

with 

^l= M + (S^) STG ' v ''> + W“ < 5 - 19 > 

for A £ and for <fi a scalar held: 

1, "« = ( n + W fi )*- < 5 - 20) 


and a s a non-vanishing numerical factor (namely a s = (l+s)(d+s—2)(d+2s—2) _1 ). Going 
from eq. (5.17) to eq. (5.18), that is obtaining eq. (5.20) from eq. (5.19), is performed in the 
same vein as the computation already carried in 5.1, for which the commutation relations 
between divergences and a second order equation akin to eq. (5.19) were obtained. 

Then, carrying this scheme in eq. (5.16) till its end with eq. (5.20) and minding that 
d = 4, one gets that the scalar gauge held ip fulfils: 


a--R)a(o + - R ) 


x ■ ■ • x U + 


12 




(5.21) 


Therefore in the gauge transformation (4.13) the scalar held cp is no longer unconstrained. 
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5.3.1 Remark on the residual gauge freedom on de Sitter 


If the underlying CFES happens to be the de Sitter space-time the equations governing the 
residual gauge invariance might be linked to peculiar scalar representations of the de Sitter 
group SOo(l,d). Indeed, in such a case, for which R = —d(d — 1 )H 2 with H 2 the constant 
Hubble radius, the first order Casimir operator Q\ in the scalar representation of SOo(l, d) 
is related to the Laplace-Beltrami operator through Q\ = — H~ 2 \H. Then eq. (5.20) can be 
recast as 

[Si + j(d - 1 + j)\<j> = 0 , j 6 N. 


This, precisely, is the equation fulfilled by a scalar field in the discrete series of SOo(l,d). 
As a consequence, if the gauge scalar <p transforms covariantly under the de Sitter group, 
it decomposes as 


<P = <P cc 


s —1 


© Fds(j) 


J =0 


in which ip cc stands for the massless conformally coupled field [28], which lies in the com¬ 
plementary series of SOo(l, d), and Pds(j) is the j’th term in the discrete series of SOo(l, d) 
[29, 30]. The O’th term of the discrete series is the, infamous, massless minimally coupled 
field [31-35], and field further in the discrete series are the, so-called, scalar tachyons [36]. 


5.4 The residual gauge freedom and its relation with GJMS operators 

Let us write eq. (5.21), fulfilled by ip once the gauge fixing equation has been imposed, as: 


P2n‘P = 


n( D+ ™- 2) ii 


u =i 


12 


ip = 0, n = s + 1, d = 4. 


(5.22) 


This equation is known as Branson’s factorization formula of GJMS operators and is con¬ 
formally invariant. 


5.5 Conformally invariant powers of the laplacian 

Let us recall that Graham-Jenne-Mason-Sparling (GJMS) [37-39] results come from the 
question whether or not there is a curved analogue of the conformally invariant (SOo(2, d)) 
flat operator n € N. That is, does there exists an operator P 2 n from densities of 
weight n — d/2 to densities of weight — n — d/2 on a conformal manifold of dimension d ^ 3 
whose leading symbol is □”? Their result is the following. For d odd there exists one such 
operator. For d even P 2 n exists provided that the bounds 1 ^ n ^ d/2 are satisfied. In that 
respect for d = 4 the Paneitz operator, eq. (3.11), is the critical GJMS operator. Later 
Branson [3, 40], through a harmonic analysis argument, proved that on S d equipped with 
its standard metric that P> n reduces to: 


P'2nP 



[2t - 2 + d){2£ - d) 
4 d{d - 1) 



ip. 


On conformally flat Einstein spaces, since the Fefferman-Graham obstruction tensor 
0^ u vanishes and the ambient metric can be recovered at arbitrary order [41], P 2 n exists 
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to arbitrary order. However, for n > d/2, d even, these operators are no longer natural 
conformally invariant differential operators [4], Branson’s factorization formula has been 
extended to Einstein metrics in [2, 4], For a study of the (higher) symmetries of such 
operators see [42-44]. 

5.6 Restricted invariance of eq. (5.22) and SO(2,4) invariance of the pure 
gauge solutions 

In this subsection, we supply direct proof of the conformal invariance of eq. (5.22) by 
mimicking the calculus of the conformal invariance of eq. (3.11) through that of eq. (3.9). 
That is, this computation relies completely on the fact that for d = 4 both conformal 
invariance and gauge invariance are present. In doing so it is shown that the space of pure 
gauge solutions to eq. (1.1) remains invariant under the action of SO(2,4). 

To exemplify our scheme let us, again, consider the vectorial case. The main idea is 
that the gauge fixing condition (3.9) is conformally invariant on the space of solutions of 
eq. (3.5), for d = 4. Then, if one plugs in eq. (3.9) a pure gauge solution the “on the space 
of solutions of eq. (3.5) ” is already taken care of and one is left to look if there is a Weyl 
rescaling of the scalar field resulting (only) in the appropriate rescaling of the pure gauge 
vector. That is, does there exist w € M such that the equation 

\ 

is fulfilled? The answer is positive with w = 0. Extended to our case the question now is, 
does there exist w € M such that 


STG^a/V) =co n STG%) 


(5.23) 


with h(A) = 1 — s — d/21 

First let us study the case with s = 2. With no assumptions on co one obtains: 


(STG%))^ = w™" 4 (STG%))^ 


+ 2{w - 1) u w ~ b + (V v w)V^ - - 5 ^(V a u;)V 

+ 2w(w - 1) u w ~ 6 [(V tt u)(y'u) - ^"'(V a w)(V“w) 


<P 


(5.24) 




- 2w u w ~ 3 


v i v v --n)- 

d / uj\ 


P- 


If one sets w = 1 the right hand side of eq. (5.24) is greatly simplified but, still, does 
not produce the desired result. Then, one can notice that under the restricted Weyl 
transformation eq. (4.2) that the remaining term vanishes. This is the point of view that 
we will adopt here, but it also hints at the gauge invariance 


Afii/ e-> ^ A^ v — A^ v -|- 
of eq. (4.6) on (more) generic space-time. 


1 


1 


d9lu ,n + d _ 2 
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-w and noticing the identity: 
STG(/) = p 2 STG(/), V/e^, 


Setting p = uj 1 , v = 


simplifies the right hand side of eq. (5.23) which might then be expressed as: 

STCT(u;» = STC ¥(p v <p) = p 2 STG (p 2 STG(... (p v <p)...)) (s times). 


To get a tractable formula let us also use the following notation: 


S* 1 x S? 

f,g^> 


I^SI+S2 

(si + 52)! 
si!s 2 ! 


(f ■ g) 


ST 


in which |st is the projector (|st|st =|st) onto 5 q 1+S2 . On scalars it reduces to the 
pointwise product of two functions. Then, thanks to this definition, accommodated to that 
of the symmetric traceless gradient (STG) given in eq. (4.8), one has a Leibniz identity: 


STG(/ xg) = STG(/) xg + fx STG (g). 

Then, beginning with p v ip = p v X ip, using eq. (4.2) to discard any term such as STG*(p) 
with i ^ 2 and an induction on the degree yields: 

v + s) /s 
+ s-i)\i 

Finally, setting w = s — 1, that is v = 1 — s, to cancel the terms with i ^ 1, and restoring 
the w’s provides the identity: 

STG*(w*“V) = w “ s_1 STG S (^). (5.25) 


^ p v + 2s ~ i (STG(p))^ * x STG S_ *(^). 


STG s (p v if) = ^ 


r( 


^ r(n 

i=0 v 


However, for the equation eq. (5.22) to be conformally invariant the scaling factor of 
the resulting field in eq. (5.25) has to agree with that of A, namely: 

h(A) = 1 — s — — = — s — 1 , (5.26) 

which is achieved only for d = 4. The SO(2,4) invariance of eq. (5.22) is inherited from 
that of on Minkowski space-time, a well known result [45]. 

Notice that the identity obtained in eq. (5.25) can be interpreted in the following 
manner: a pure gauge solution on ( M,g ) is mapped on a pure gauge solution on (M, < 7 ). 
Similarly, this implies that the space of pure gauge solutions of eq. (1.1) is left invariant 
under the action of SO(2,4). 


6 The field strength F 

It has been shown in section 4.3 that eq. (1.1) admits gauge solutions, through the gauge 
transformation given in eq. (4.13). This section is devoted to the construction, upon the 
potential A, of a field strength F similar to the Faraday tensor, eq. (3.7). 
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To tackle this problem we proceed in close analogy with Maxwell’s case (s = 1) and 
obtain a strength tensor for the general case (s ^ 2). First, the equivalent of Maxwell’s 
equations, written as a divergence, provides a candidate F for the field strength, its symme¬ 
tries are registered. Then, it is showed that F vanishes on gauge solutions, on CFES, hence 
is a field strength. The equations on A are then translated into a system of two first-order 
conformally invariant equations on F, one of which vanishes for F derived from a potential 
and ( M,g ) being conformally flat. Then, as the Faraday tensor decomposes in electric and 
magnetic fields E-B, it is explicitly shown that F decomposes in a set of 3-dimensional 
traceless symmetric tensors. We then show, on flat space, how the conformally invariant 
system of equations is written on those E-B fields and prove their duality. Finally, a gauge 
invariant and conformally invariant scalar product on the space of solutions of eq. ( 1 . 1 ) is 
given. 


6.1 Reconstructing the field strength F 

To produce a field strength let us consider, instead of eq. (1.1), the equation: 

\JA - ^ + 25 ~ STG(V • A) - ( d J, S ~ ^ RA = 0, (6.1) 

s(d + s- 3) v J d(d-l) ’ v ' 

which, in arbitrary dimension, has the gauge invariance showed in eq. (4.13). For s = 1 
eq. (6.1) is the restriction of Maxwell equation V^V^.A 1 ' — \7 U A^) = 0 to a CFES. For 
d = 4 eq. (1.1) and eq. (6.1) are the same. Under the assumption that eq. (3.13) is fulfilled 
eq. (6.1) can be recast as 

V a {F(A)) a w-'** = 0, (6.2) 

where F is built upon A by: 


(F(A)) a 


(T>A) a 

Ms _ y(Mi J 4M2-.-Ms)o 


— [g 01 ^ 1 V 0 M M2 "' Ms ) <T — g ^ 1 ^ 2 V cr A /i3 ''' /is ^ afT ] , 
(d T s 3) 


(6.3) 


found already in [46] and from which we borrow the notation T>. For s = 1 one has 
pafj. _ \y e w jH show, on CFES, that F is a field strength as it is independent 

of the gauge scalar field ip. 

Notice that on a generic space-time, without the assumption that eq. (3.13) is fulfilled, 
the equation resulting from (6.2) is still for d = 4 a conformally invariant equation as one, 
schematically, gets: 

V a (F(A)) a = (4.6) + (4.7), A = * + d = 4. 

s(s- 1 ) 

From eq. (6.3) one can workout the identities fulfilled by the field strength, namely: 


p{a /U-.-Ms) _ 




pa m-.-Us _ Q 


g QIM F a w-**• = o, (6.4) 
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thanks to which one can find that F possesses 


DoF(F) = (d-3)!( S + l)! s(d + 25 “ 2 ^ d + s - 2 ) ( 6 - 5 ) 

independent components. Such as the Faraday tensor, the relations given in eq. (6.4) could 
serve as the defining properties of F and under the appropriate assumptions eventually 
there would exist a potential A such that F is given by eq. (6.3). Later, in section 6.3, it is 
shown that the equation S7 a F a _ q can completed by another equation of motion 

which vanishes as soon as there exists a potential A (similar to the sourceless Maxwell’s 
equations) and g is conformally flat. 


6.2 On a CFES the field strength F is gauge invariant 

Let (M, g ) be a CFES and consider the field A = STG(/) with / € S^ -1 . Let us also make 
the extra assumption that the field / satisfies eq. (6.1) written at the rank s — 1. Then, 
after some algebra in which the strategy is that as soon as a laplacian hits / to replace it 
by the remaining of eq. (6.1), one gets: 


(F(STG(/)))“ 


(s - l)[v (w (^(/)) H /i2 '” /is) 


s — 1 




d + 2s — 4" 

^-i)(STG(F(/))) w 


in which the |a| means that this superscript a is not involved in the STG process. Sup¬ 
pressing the indices it reads as 

F(STG(/)) = (^) STG(F(/)). (6.6) 

This scheme can be pushed further. Let g € S r Q1 r < s, and in addition let g be a 
solution of eq. (6.1) written at the rank r. Using eq. (4.12) adapted to eq. (6.1) it follows 
that STG n (g) is a solution of eq. (6.1) written at the rank r + n. Then, from eq. (6.6) one 
gets: 

F(STG s ~ r (g)) = T - STG s ~ r (F(g)). (6.7) 

Finally, one can consider a scalar field ip and a pure gauge field obtained from that scalar 
A = STG S (<^). Since eq. (6.1) has solutions determined up to a scalar STG n (y>) is a solution 
whatever the rank is and the identity (6.7) reads as 


F(STG S (^)) = - STG'- 1 (F(STG(<^)) = 0, 
s 

in which the last equality is nothing but eq. (3.8). Thus, the field strength F vanishes on 
gauge solutions. 

The gauge invariance of T>A was already noted in flat space in [46], for a generaliza¬ 
tion to more generic (w.r.t. CFES) curved background one would have to have a better 
understanding of the gauge solutions. 
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6.3 The equations on F and their conformal invariance 


Presently we have found that, at least on CFES, one can find a field strength F and that the 
equation on the potential A might be rewritten as a first order equation on F (eq. (6.2)). 
From Maxwell’s equations point of view we do know that then there lack a second equation 
(the sourceless one) to get a well posed set of PDEs on F. Here we show that one can find 
one such set of equations and that all the properties found for Maxwell’s equations remain 
as soon as one restricts oneself to conformally flat space-time. 

Let us assume that F fulfils eq. (6.4), with no further assumptions, and let us define 

(VF) a P vi-Vs = \/l a F^ 4- s y(wfl[ tt Pllm-Vs) 


s 

(d + s- 4)(s + 1) 


s o(^il[“V cr F^]l / i 2-../^) cr 


( 6 . 8 ) 


_|_ _ l)gbll» VffF \[<* £]lw _|_ g{m P)\H2 ■■■Vs) 


in which the notation T> seems natural if one compares eq. (6.8) to eq. (6.3). Notice that 
for s = 1 one gets 

(VF) a P M = V a F^ ^ — V^F a M F^ a ft = S7 a F& ^ 

Then, if F happens to derive from a potential A as in eq. (6.3) one would get 


( VF) a P vi-'-Hs _ (j) 2 A) a ^ mi - m . 
= (!-«) 


(J0tf3 (Ml_|_ ^(miM2|[«^/3]|m3---Ms)o‘ 


, (1-8)(2- 8 ) cp 


d + s- 4 “ U1U2 


which vanishes when either s = 1 (thanks to Bianchi identity, already used here) or if 
(M, g) is conformally flat for which one gets: 


V 2 A = 0, (M,g) = conformally flat. 


One then is led to consider the system 


(' DF) a/3 = 0, 

\7 a F a = 0) 


( M,g ) = conformally flat. 


(6.9) 


In addition one shows, taking into account the symmetries registered in eq. (6.4), that if, 
and only if, d = 4 the set (6.9) is conformally invariant with F a 3X1 - /Xs = uj~ 3 ~ s F a . 
If F derives from a potential A this conformal invariance agrees with that of F with 


(F(A)) a = uj- 3 ~ s (F(A)) a d = 4. (6.10) 


Finally, still for d = 4, instead of the set (6.9) one would rather consider the system 


^VFY 1 -^ = 0 , 
V a F a = 0, 


{M,g) = conformally flat, d = 4, 


( 6 . 11 ) 
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in which (*P_F) /il "- /Xs = (T>F) l“^l M2 ---a i s)7 ) w ith e the totally antisymmetric tensor. 

To obtain a wave operator on the field strength F one could consider the system 

f Vp(VF) a P = 0, 

\ V a F a = 0. 

Let us simply remark that this system is no longer conformally invariant. 


6.4 An E-B decomposition of F 

Notice, from eq. (6.5), that for d = 4 the following occurs: 


DoF(F) 


< 1=4 


2 s(s + 2) 


2^(2j + l). 

3 =1 


That is, F possesses the appropriate number of independent components to be written 
as the sum over 2s symmetric traceless tensors with respect to SO(3). This subsection 
investigates one such decomposition and its consequences. 

First, we propose a definition of such fields and immediately show that, indeed, F is 
entirely expressible in terms of those fields. Then, we write how the set (6.11) is translated 
on those fields, a task simplified once one has shown that (6.11) have a duality property. 
Finally, we register how so(2,4) acts upon those fields. 

Every computation is performed on flat space from now on. The results which are 
obtained here can be lifted to conformally flat space-time through eq. (6.10). 


6.4.1 Definition of the E-B fields 

On flat space let us define 

F?'- ij = - traces, /&" ij = —.V) 1 '"*’ - traces, (6.12) 

J J J s +1 J 

with 1 ^ j ^ s, the traces are with respect to the 3 dimensional metric 5^ = 5 13 = —rjij 
and we defined 

= f 0 0...0 h...ij ^ jy® 1 —h' _ j £ (ii \bcpb c0...0\i 2 ...ij) _ (6.13) 

One can decompose F in the (analogues of) E and B if an arbitrary component can, 
unambiguously, be written in terms of such 3-dimensional fields, that is if one can invert 
eqs. (6.12)-(6.13). 


6.4.2 The inversion of eqs. (6.12)-(6.13) 

The Mj-Nj' s in terms of the Ej-Bj' s. From the properties fulfilled by F, recorded in 
eq. (6.4), and the definition (6.13) one finds that 


°lalb 1V1 j ~ JVJ j —2 5 


A. . M n - l 0 
°lalb 1 ^j 


iy i -2 


(6.14) 
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in which a hat over an index means that said index is omitted. From eq. (6.12) and 
eq. (6.14) one can invert the Mj’ s in terms of the Ej’ s since 


L 2 J 

/•;' 1 = ^2 a jk^ ili2 • • • 5 i2k ~ li2k M^- ij \ (6.15) 

k =0 

in which the coefficients ctjk are determined by asking that the right hand side of eq. (6.15) 
is traceless, which is well posed thanks to eq. (6.14) once one has chosen an ayo (here 
ctjO = 1 for E and M and a.jo = 1/s + 1 for B and N). 

Then, eq. (6.15) might, rightly, be viewed as an upper triangular transformation be¬ 
tween the Ej ’s and the Mj ’s and as such can be inverted with: 

Mj'' 1 = E i j"' ij - - (otj 2 - ctjKXj-2 - ... 

Lii 

= ^2Pjk^ ili2 ... 5 i2k - li2k E l2 ^l'- lj) . 
k =0 

The same arguments apply to the inversion of the Bj’s in terms of the Nj’s. One could, 
actually, find that: 

= ( ijfc -? ! 2 j-l-2 fc!! 2fe - 1!! = k j\ j\ 2j - 2k\ 2k\ 

ajk 1 } j - 2 k\ 2 j - 1H 1 ’ 2j! j - k\ j - 2 k\ k\ ’ 

j\ 2j — 4k + l!! 2k — 1!! j! 2j - Ak + 2! 2k\ j - k + 1! 

~ j - 2k\ 2j — 2k + 1!! “ Jfc! j - 2/c! j -2k + 1! 2j - 2k + 2! ’ 

for k ^ 1 and 070 = fijo = 1 otherwise. In the above we used the identity on bifactorials of 
odd numbers: 2 n — 1!! = 2n\/2 n nl. 

F in terms of the Mj-Nj’s. We are now concerned with the second step of the inversion, 
that is to write an arbitrary component of F in terms of the Mj ’s and the Nj’s. From the 
definition (6.13) an arbitrary F° ° might already be written in terms of the Mj’ s. 

What is left to show is that F l might also be written in terms of the Mj ’s and the 

Nj’s. 

From the symmetries of F, cf. eq. (6.4), one can write the following (sub-)identity: 


pi ii-..ijO...O _ j p\l (ii]i2...ij)0...0 /£_~ p® ii -ijlO ...0 /g ^g\ 

- j + 1 Vj + i) 

in which the second term of the r.h.s., from the above remark, is already inverted in terms 
of the Mj’s. Then, it suffices to show that one can express the first term of the r.h.s. of 
eq. (6.16) unambiguously in terms of the Mj’s and the Nj’s. 

Out of the definition (6.13) of the Nj’s, of the properties fulfilled by the antisymmetric 
tensor Eijk and those of F, given in eq. (6.4), one can establish the following formula: 

£ kl(ii jyi2~- l j)k _ ,p[i _|_ l)^* 1 _pl°l 

_ ^ _ 2\j(ii*2_p[|i| i 3 ]*4...*j)0...0 _|_ _j_ _p|0| 
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put in a more suitable form, for our purpose, as: 

jp[l (ii]i 2 ...ij)0...0 _ /j _ 2)<j(*i*2_p[|Z| is]*4-*j)0...0 

+ + (s + l){5 l[il - d'' 1 ' 2 ). 

By recursively using the above formula one can invert ( n l — in terms of the Mj' s and 
the Nj ’s terminating with either 

jp[l ii]0...0 _ gklii jyk 


or 


p[l il]i 2 0...0 _|_ p[l 22]^lO...O 


l -(£ kHl N l 2 2k +£ kli2 N l 2 lk ) 

- l(s + l)(5 lil Mi 2 +8 li2 M\ 1 


2 S hi2 M[), 


depending on the parity of j. 

This means that the first term in eq. (6.16) can unambiguously be written in terms of 
the Nj 's and the Mj' s. From eq. (6.13) it is also the case for the second term in eq. (6.16). 
Hence F l °*i—% ] ias a we p posed decomposition over the Mj' s and the Nj's. 


F in terms of the Ej-Bj's. Finally, F can be written in terms of the Mj-Nj's, which 
themselves can be written in terms of the Ej-Bj's. Hence, an arbitrary component of F 
might be written uniquely in terms of the Ej-Bj's that is: 


F = Q(Ej<BBj). 

3 = 1 


(6.17) 


6.4.3 The field equation written on the Ej-Bj's 

The conformally invariant equations fulfilled by F can be translated upon the Ej-Bj's 
fields. Those equations are here derived, a task greatly simplified as soon as their duality 
have been found. First, instead of eq. (6.11), let us write the set under consideration as 


Q a F a = 0 , 

da pa W ...M, = o, 


on (M 4 , 77 ), 


(6.18) 


in which we set *T>F oc dF, thus getting: 

pa m-ps _ s r a(tii p|/3| M2 --.Ms)7 
- s + l ^ 

A careful inspection of F shows that it fulfils all the properties that F possesses, 
registered in eq. (6.4), and as such might be decomposed over fields Ej and Bj according 
to eqs. (6.12)-(6.13). Performing one such decomposition, while knowing the Ej' s and Bj' s 
of F, one recognizes that: 

Ej = —Bj, Bj = Ej, 
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and then F = —F, showing that eq. (6.18) remains invariant under the electric-magnetic 
duality 

(Ej,Bj) (6.19) 

This duality can be extended to infinitesimal rotations as: 


SEj = -OBj , 5Bj = OEj , \0\ < 1, 


or integrated to the finite rotation: 

9 Ej = cos OEj — sin OBj, 
9 Bj = sin OEj + cos OBj , 


( 6 . 20 ) 


as a symmetry of the system (6.18) and generalize to the known duality rotation of electro¬ 
magnetism [47, 48]. An interesting question would be to find whether this applies also for 
the (on shell) action as it is the case for electromagnetism [49]? Notice however as showed 
recently [50], following [51, 52], that one such symmetry cannot be made local, at least not 
without sacrificing the gauge invariance [53]. It might be worth to stress that the duality 
(6.19), and then the rotation (6.20), has to be applied to all fields ( Ej,Bj ) for all j ^ s. 

Then, if one introduces the following notations: 


DIV 3 Ej = dij E* 1 " ' ij , 

STG 3 £,--i = jS k{il d k EfFi j) - traces, 

STC 3 Ej = e kl ^d k Ef- ij)l , 

writing Hj = Ej + iBj, with % 2 = —1, and thanks to the duality (6.19) the system (6.18) 
now reads as 

B ‘ H > - ‘(5tt)W - (^i)DIV 3ffj+1 + 1(1 + - 0, 

with Hj = 0 for j ^0 and for j > s. The complex conjugated equation holds on the 
complex conjugated fields Hj. 


6.4.4 The action of SO(2,4) on the Ej-Bj fields 

Let us deduce the action of SO(2,4) on the Ej-Bj fields from that on the field strength F 
by: 

(fl Ej)(F) = Ej(gF), g € so(2,4). 
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Then one gets: 


(/ , / ,///) ,:i = i)„ l!'■ - Ji . 

= (x-<7 • 

(,Vu,„// ; J' 1 -' = //' ! " ^ + (Vo,,//;)' 1 



U\ p ll = [x 2 d p - 2x p {x • 5 + 2; 



Notice that the full conformal group acts independently on the Helds Hj and Hj. 

6.5 A Lagrangian and a scalar product out of F 

Let us conclude this section with various remarks. 


First, notice that the equation of motion, eq. (6.2), can be derived from the action: 



( 6 . 21 ) 


Notice also, in view of quantization, using eq. (6.4), that the elements on the ” diagonal” 


of F (i.e. F 00 "' 0 , ^ are nu u Then, having chosen a system such that the O’th 

coordinate is the one by which the space-time is foliated by Cauchy hypersurfaces one 


would get, in a conventional canonical quantization, that the O’th momenta identically 
vanishes. This hints at a gauge freedom which is likely to persist on a broader class of 
space-time (than CFES). 

Finally, again still in view of quantization, thanks to the operator T> and eq. (6.21), 
one can equip the space of solutions to eq. (1.1) with a symplectic form 



( 6 . 22 ) 


in which the integral is carried over the Cauchy hypersurface E. One such product, for 
d = 4, is conformally invariant and vanishes on pure gauge solutions. 

A The special case of d = 2 

The dimension d = 2 is far too particular with respect to conformal invariance and cannot 
be examined on the same footing as the others. This section describes the (lack of) content 
of eq. (1.1) for d = 2. 
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One could consider eq. (1.1) and wonder what happens for d = 2. First, the conformal 
invariance under restricted Weyl transformations remains, the same applies to the invari¬ 
ance w.r.t. SO(2,2). However, following the same steps has in the main text, one would find 
that the equation admits solutions determined up to a vector (as then (1 + a 2 )\d =2 = 0). 
Similarly, one could get the impression that the set: 


E S (A) — 0, 
Ei(V) = 0, 


(d = 2) 


where V^ 1 = V^ 2 ... V /is A/ 41 "' /ts , is conformally invariant while restricting the (new-found) 
gauge freedom. While the former happens to be true, the latter is not as Ei(V) = 0 is 
found to be automatically fulfilled on the space of solutions of E S (A) = 0. In order to show 
this, notice first that A possesses, whatever the rank s, only 2 independent components. 
In the usual cartesian coordinates let us choose those as: 


^=b _ ^ 00...00 ^ 00...01 


Then, turning to the chiral coordinates = x° ± x 1 


eq. (1.1) is rewritten as: 


dl <h + = 0, 

d 2 _ = 0. 


(A.l) 


The system is conformally invariant and the rank from which emanates is read off the 
way the held transforms. For d = 2 the fields admits the gauge transformation: 


A^ a A = A + STG s-1 (a), s > 2, 


with a an arbitrary vector held. On the independent components the above reads as 

= $± + s!d^ 1 a ± , a ± = a°±a 1 . (A.2) 

Now, for a given held A ~ ( < h + , < b - ) one can find (a + , a~) such that the gauge transformed 
held (A.2) is null. This means that any held A, s ^ 2, is in the (gauge) equivalence class 
of the trivial solution. Hence that held carries no physical content. 

This can also be seen on the gauge fixing equation since: 


d ln d IJ2 A ln -^ oc (0* <h + + di$~) = o, 


the (s — l)-divergence of the held vanishes anyway. Therefore, the equation E\(V) = 0 is 
no constraint on the space of solutions of (A.l). 


Acknowledgments 

We wish to thank Mr. Eric Huguet and Mr. Antoine Folacci for valuable discussions. 
Thanks must be addressed to the authors of [54]. While the results exposed in [54] do not 
apply in our case there remains an overlap of interests and their extensive bibliography has 
proven helpful in bolstering our own. 


- 29 - 


References 


[1] V. Wiinsch, On conformally invariant differential operators , 

Math. Nachr. 129 (1986) 269281. 

[2] C. Fefferman and C. R. Graham, The ambient metric, 0710.0919. 

[3] T. P. Branson, Sharp inequalities, the functional determinant, and the complementary series , 
Trans. Amer. Math. Soc. 347 (1995) 3671-3742. 

[4] A. R. Gover, Laplacian operators and Q-curvature on conformally Einstein manifolds, 

Math. Ann. 336 (2006) 311-334, [math/0506037]. 

[5] H. A. Kastrup, On the Advancements of Conformal Transformations and their Associated 
Symmetries in Geometry and Theoretical Physics, Annalen Phys. 17 (2008) 631-690, 
[0808.2730], 

[6] R. M. Wald, General Relativity. 1984. 10.7208/chicago/9780226870373.001.0001. 

[7] M. Flato, J. Simon and D. Sternheimer, Conformal covariance of fields equations, 

Annals. Phys. 61 (1970) 78-97. 

[8] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space. Cambridge 
Monographs on Mathematical Physics. Cambridge Univ. Press, Cambridge, UK, 1984. 

10.1017/CB09780511622632. 

[9] E. Huguet, J. Queva and J. Renaud, Revisiting the conformal invariance of the scalar field: 
From Minkowski space to de Sitter space, Phys. Rev. D77 (2008) 044025, [0801.3769]. 

[10] S. Deser and R. I. Nepomechie, Gauge Invariance Versus Masslessness in De Sitter Space, 
Annals Phys. 154 (1984) 396. 

[11] B. Binegar, C. Fronsdal and W. Heidenreich, Conformal QED, 

J. Math. Phys. 24 (1983) 2828. 

[12] B. Binegar, C. Fronsdal and W. Heidenreich, de Sitter QED , Ann. Phys. 149 (1983) 254. 

[13] F. Bayen, M. Flato and C. Fronsdal, Conformal Invariance and Gauge Fixing in QED, 

Phys. Rev. D32 (1985) 2673. 

[14] S. Faci, E. Huguet, J. Queva and J. Renaud, Conformally covariant quantization of Maxwell 
field in de Sitter space, Phys. Rev. D80 (2009) 124005, [0910.1279], 

[15] M. G. Eastwood and M. Singer, A conformally invariant Maxwell gauge, 

Phys. Lett. A107 (1985) 73-74. 

[16] S. Paneitz, A quartic conformally covariant differential operator for arbitrary 
pseudo-riemannian manifolds, Preprint (1983) . 

[17] S. Paneitz, A quartic conformally covariant differential operator for arbitrary 
pseudo-riemannian manifolds (summary), Sigma 4 (2008) 036, [0803.4331], 

[18] R. J. Riegert, A Nonlocal Action for the Trace Anomaly, Phys. Lett. B134 (1984) 56-60. 

[19] E. Fradkin and A. A. Tseytlin, Conformal Anomaly in Weyl Theory and Anomaly Free 
Superconformal Theories, Phys.Lett. B134 (1984) 187. 

[20] F. Bayen. PhD thesis, Universite de Dijon, 1970. 

[21] M. S. Drew and J. D. Gegenberg, Conformally covariant massless spin-2 field equations, 
Nuovo Cim. A60 (1980) 41-56. 


- 30 - 


[22] A. O. Barut and B.-W. Xu, On Conformally Covariant Spin-2 and Spin-3/2 Equations, 

J. Phys. A15 (1982) L207-L210. 

[23] A. A. Leonovich and V. V. Nesterenko, Conformally invariant equation for the symmetric 
tensor , . 

[24] J. Ben Achour, E. Huguet and J. Renaud, Conformally invariant wave equation for a 
symmetric second rank tensor (spin-2) in a d-dimensional curved background, 

Phys. Rev. D89 (2014) 064041, [1311.3124], 

[25] C. Delfino Galles, A conformal gauge for the spin-2 field, 

Lett. Nuovo Cim. 42 (1985) 382-384. 

[26] H. W. Brinkmann, Einstein spaces which are mapped conformally on each other, 

Math. Ann. 94 (1925) 119-145. 

[27] A. Edery and Y. Nakayama, Restricted Weyl invariance in four-dimensional curved 
spacetime , Phys. Rev. D90 (2014) 043007, [1406.0060], 

[28] E. Huguet, J. Queva and J. Renaud, Conformally related massless fields in dS, AdS and 
Minkowski spaces, Phys. Rev. D73 (2006) 084025, [gr-qc/0603031], 

[29] J. Dixmier, Representation integrates du groupe de De Sitter, Bull. Soc. Math. France 89 
(1961) 9-41. 

[30] R. Takahashi, Sur les representations unitaires des groupes de Lorentz generalises, Bull. Soc. 
Math. France 91 (1963) 289-433. 

[31] B. Allen, Vacuum States in de Sitter Space, Phys. Rev. D32 (1985) 3136. 

[32] B. Allen and A. Folacci, The Massless Minimally Coupled Scalar Field in De Sitter Space, 
Phys. Rev. D35 (1987) 3771. 

[33] K. Kirsten and J. Garriga, Massless minimally coupled fields in de Sitter space: 0(4) 
symmetric states versus de Sitter invariant vacuum, Phys. Rev. D48 (1993) 567-577, 

[gr-qc/9305013], 

[34] J. P. Gazeau, J. Renaud and M. V. Takook, Gupta-Bleuler quantization for minimally 
coupled scalar fields in de Sitter space, Class. Quant. Grav. 17 (2000) 1415-1434, 
[gr-qc/9904023] . 

[35] E. Joung, J. Mourad and R. Parentani, Group theoretical approach to quantum fields in de 
Sitter space. II. The complementary and discrete series, JHEP 09 (2007) 030, [0707.2907]. 

[36] J. Bros, H. Epstein and U. Moschella, Scalar tachyons in the de Sitter universe, 

Lett. Math. Phys. 93 (2010) 203-211. 

[37] C. Graham, R. Jenne, L. Mason and G. Sparling, Conformally Invariant Powers of the 
Laplacian, I: Existence, J. London Math. Soc. 46 (1992) 557-565. 

[38] C. Graham, Conformally Invariant Powers of the Laplacian, II: Nonexistence, 

J. London Math. Soc. 46 (1992) 566-576. 

[39] A. R. Gover and K. Hirachi, Conformally invariant powers of the Laplacian: A Complete 
non-existence theorem, J. Am. Math. Soc. 17 (2004) 389-405, [math/0304082]. 

[40] C. R. Graham, Conformal Powers of the Laplacian via Stereographic Projection, 

SIGMA 3 (2007) 121, [0711.4798], 


- 31 - 


[41] C. Graham and K. Hirachi, The ambient obstruction tensor and Q-curvature, in AdS/CFT 
correspondence: Einstein metrics and their conformal boundaries (O. Biquard, ed.), vol. 8 of 
IRMA Led. Math. Theor. Phys., pp. 59-71, 2005. math/0405068. DOI. 

[42] M. G. Eastwood, Higher symmetries of the Laplacian, Annals Math. 161 (2005) 1645-1665, 
[hep-th/0206233] . 

[43] M. Eastwood and T. Leistner, Higher symmetries of the square of the Laplacian, in 
Symmetries and overdetermined systems of partial differential equations (M. Eastwood and 
W. J. Miller, eds.), The IMA volumes in Mathematics and its Applications, pp. 319-338, 
Springer New York, 2008. math/0610610. DOI. 

[44] A. R. Gover and J. Silhan, Higher symmetries of the conformal powers of the Laplacian on 
conformally flat manifolds, J.Math.Phys. 53 (2012) 032301, [0911.5265]. 

[45] H. Jakobsen and M. Vergne, Wave and Dirac Operators, and Representations of the 
Conformal Group , J. Fund. Anal. 24 (1977) 52-106. 

[46] J. Erdmenger and H. Osborn, Conformally covariant differential operators: Symmetric 
tensor fields, Class. Quant. Grav. 15 (1998) 273-280, [gr-qc/9708040]. 

[47] G. Rainich, The Mathematics of Relativity. Wiley, 1950. 

[48] C. Misner and J. Wheeler, Classical physics as geometry: Gravitation, electromagnetism, 
unquantized charge, and mass as properties of curved empty space, 

Annals Phys. 2 (1957) 525-603. 

[49] S. Deser and C. Teitelboim, Duality Transformations of Abelian and Nonabelian Gauge 
Fields, Phys.Rev. D13 (1976) 1592-1597. 

[50] S. Deser, No local Maxwell duality invariance, Class.Quant. Grav. 28 (2011) 085009, 
[1012.5109], 

[51] M. Henneaux and C. Teitelboim, Duality in linearized gravity, Phys.Rev. D71 (2005) 024018, 
[gr-qc/0408101], 

[52] S. Deser and D. Seminara, Duality invariance of all free bosonic and fermionic gauge fields, 
Phys.Lett. B607 (2005) 317-319, [hep-th/0411169], 

[53] A. Saa, Local electromagnetic duality and gauge invariance, 

Class.Quant.Grav. 28 (2011) 127002, [1101.3927], 

[54] M. Beccaria and A. A. Tseytlin, On higher spin partition functions, 

J. Phys. A48 (2015) 275401, [1503.08143], 


- 32 - 


